Abstract-This paper deals with Lagrangian bundles which are symplectic torus bundles that occur in integrable Hamiltonian systems. We review the theory of obstructions to triviality, in particular monodromy, as well as the ensuing classification problems which involve the Chern and Lagrange class. Our approach, which uses simple ideas from differential geometry and algebraic topology, reveals the fundamental role of the integer affine structure on the base space of these bundles. We provide a geometric proof of the classification of Lagrangian bundles with fixed integer affine structure by their Lagrange class. MSC2000 numbers: 37J15, 37J35, 57R17, 57R20, 57R22 DOI: 10.1134/S1560354708060105 The main interest is in obstructions to triviality and classification. We review the geometrical setting of the problem and give a summary of the results. Details will be dealt with in sections 2 and 3 and in the appendices.
PROBLEM SETTING AND SUMMARY OF THE RESULTS
We continue the study by Duistermaat [1] and Nguyen [2] of global properties of Lagrangian bundles, i.e. symplectic n-torus bundles with Lagrangian fibres, as these occur in integrable Hamiltonian systems. The main interest is in obstructions to triviality and classification. We review the geometrical setting of the problem and give a summary of the results. Details will be dealt with in sections 2 and 3 and in the appendices.
Setting of the Problem
Let (M, σ) be a connected 2n-dimensional symplectic manifold, that is, M is a smooth manifold and σ is a closed 2-form on M such that the 2n-form σ ∧ · · · ∧ σ n is nowhere zero. Let B be a connected n-dimensional smooth manifold, and call a locally trivial bundle f : M → B a Lagrangian bundle if df has maximal rank everywhere on M and the fibres of f are compact connected Lagrangian submanifolds of M , that is, for any p ∈ M and any X, Y ∈ T p F p , where
σ(X, Y ) = 0.
Obstructions to global triviality of Lagrangian bundles were studied in [1, 2] . In this work we give new proofs and elucidate certain aspects of the results of [1] . In particular, we stress the role of the integer affine structure, the definition of which follows, and explain in more detail the symplectic classification of Lagrangian bundles with a given integer affine structure.
Motivation and Terminology
Lagrangian bundles arise naturally in the study of integrable Hamiltonian systems, as we show now. Recall [3, 4] that the phase space of a conservative mechanical system is a symplectic manifold (M, σ), and the dynamics in the system is given by a function H : M → R, called the Hamiltonian, which defines a vector field X H on M such that dH = −σ(X H , −).
The vector field X H is called the Hamiltonian vector field associated to H, and we note that the time t map X H,t of X H preserves the symplectic form in the sense that X * H,t σ = σ. Such a Hamiltonian dynamical system is denoted by (M, σ, H). Let F be a function on M with X H (F ) = dF (X H ) = 0. We call such a function a first integral of X H , or of H. From the definition of the Hamiltonian vector field X H which also applies to X F it follows that σ(X F , X H ) = 0, which is usually expressed by saying that F and H are in involution. The vector field X F defines a symmetry of the system (M, σ, H), that is, for any time t X * F,t σ = σ and H • X F,t = H, where, as before, X F,t denotes the time t map of X F . Recall [4] that a Hamiltonian system is called integrable if there are n functions F 1 , . . . , F n = H on M , such that dF 1 , . . . , dF n are linearly independent everywhere on M except on a set of points of measure zero, and F 1 , . . . , F n are pairwise in involution. Now let f : M → B be a Lagrangian bundle, and h : B → R be a smooth function. We can consider the function H = h • f as the Hamiltonian on M . Then for any h : B → R the function h • f is a first integral of h • f , and h • f is a first integral of h • f . All first integrals obtained in such a way are in involution. Notice that, whenever it will cause no confusion, in what follows we will use the same symbol for a function h : B → R and the corresponding function h • f on M . Locally on B one can choose n functions h 1 , . . . , h n such that dh 1 , . . . , dh n are linearly independent, thus the bundle f : M → B admits locally n first integrals h 1 , . . . , h n , where h n = H. Example 1.1 (The spherical pendulum). [1, 5] The spherical pendulum has an associated Lagrangian bundle. To see that first recall that the spherical pendulum consists of a unit mass particle moving on the surface of the unit sphere S 2 ⊂ R 3 under a uniform vertical gravitational force. Thus the configuration space of the spherical pendulum is S 2 , and the phase space is the cotangent bundle T * S 2 with canonical 2-form σ. The Hamiltonian H of the pendulum is the sum of the kinetic and the potential energy of the particle. The system is invariant under the rotation with respect to the vertical axis in R 3 , and the corresponding first integral is the angular momentum J. The map (J, H) has maximal rank almost everywhere on T * S 2 , and compactness of fibres of (J, H) follows from compactness of level sets of the Hamiltonian H. Removing from T * S 2 fibres containing the points where dJ and dH are linearly dependent, one obtains a Lagrangian bundle, the fibres of which are 2-tori.
If there is no danger of confusion, in what follows we refer to the bundle f : M → B by its total space M .
Preliminaries on Geometry of Lagrangian Bundles
We recall the setting of local and global geometry of Lagrangian bundles and introduce the notion of integer affine structure as this plays a fundamental role in our considerations.
The local geometry of Lagrangian bundles
The local geometry of Lagrangian bundles was studied in [1, 3, [6] [7] [8] and is described by the Liouville-Arnold theorem, which states that for each p ∈ M there exists an open neighborhood O ⊂ M of the fibre F p = f −1 (f (p)) and local action-angle coordinates (x, ϕ) = (x 1 , . . . , x n , ϕ 1 , . . . , ϕ n ) on O such that (x, ϕ) is symplectic, that is,
where the functions ϕ i take values in R/Z, and the functions x i factor through f to smooth local coordinate functions on B. The existence of action-angle coordinates implies that f : M → B locally is a principal torus bundle (see Appendix B or [9] [10] [11] ). The action of the torus in M is induced by a natural action of fibres of T * B on fibres of M , which can be defined independent of the coordinates, and with respect to our present action-angle coordinates (x, ϕ) has the following form.
For each b ∈ B an element n i=1 α i dx i (b) in T * b B, regarded as an additive group, acts on f −1 (b) by sending the point with coordinates (φ 1 , . . . ,φ n ) to the point with coordinates (φ 1 + α 1 , . . . ,φ n + α n ). The kernel P b of the action is a discrete subgroup of T * b B generated by dx 1 (b), . . . , dx n (b). The set not be the case. In fact, the set of all possible Lagrangian bundles with base B and period lattice P is classified, up to symplectic bundle isomorphisms, by their Lagrange classes, see Section 1.3.2.
Transformations between local action-angle coordinates have to preserve the period lattice, which makes them very rigid. If (x,φ) is another system of action-angle coordinates then in the common domain of x andx the differentials (dx 1 , . . . , dx n ) and (dx 1 , . . . , dx n ) generate the same period lattice. This means that (dx 1 , . . . , dx n ) and (dx 1 , . . . , dx n ) are related by a matrix in GL(n, Z), the group of invertible (n × n) matrices with integer coefficients, and the same is true for (x 1 , . . . , x n ) and (x 1 , . . . ,x n ) up to a translation. A transformation in R n , which can be obtained as a composition of an element in GL(n, Z) and a translation, is called an integer affine transformation, and the group of such transformations is denoted by R n GL(n, Z), where stands for the semidirect product [12] . We see that the base manifold B necessarily has an integer affine structure, meaning that it admits an atlas such that the transformations between charts are integer affine transformations.
Global properties of Lagrangian bundles
Global properties of Lagrangian bundles were studied in [1, 2] . Obstructions to triviality of Lagrangian bundles, monodromy and the Lagrange class were introduced in [1] . Briefly, they are defined as follows.
Monodromy. Monodromy is an invariant for the period lattices P and the obstruction to the period lattice being trivial, i.e. to the existence of an isomorphism P → B × Z n , and the obstruction to the Lagrangian bundle being a principal torus bundle globally. On the one hand, this means that if the monodromy of P is non-trivial, then the Lagrangian bundle M is not a principal bundle globally and is certainly non-trivial; on the other hand, if the monodromy is trivial, the Lagrangian bundle M is a principal torus bundle globally, but it still need not be trivial. More precisely, if the monodromy is zero, then the period lattice P → B is trivial in the sense that there is a basis α 1 , . . . , α n of P b depending smoothly on b ∈ B. Then for each b, b ∈ B there is a canonical isomorphism between the groups T * b B/P b and T * b B/P b . Then a smooth action of T n can be defined globally, and f : M → B is globally a principal torus bundle. The lack of triviality of P → B is described by the monodromy map
where b 0 ∈ B is fixed, and GL(n, Z) is the group of automorphisms of Z n . The lattice P has unique path-lifting, as in the case of covering spaces [13] [14] [15] , and the map H is defined using this property. Namely, for each closed loop γ based at the point b 0 ∈ B the image H( [γ] ) is the automorphism of P b 0 which maps the initial point of any liftγ of γ to its terminal point. We say that period lattices P → B and P → B with monodromy maps H and H respectively have the same monodromy if there exists a group isomorphism
such that H = IHI −1 . The monodromy map is a complete invariant of period lattices in the sense that if P → B and P → B have the same monodromy, then there exists a diffeomorphism Φ : P → P commuting with projections on B, and such that Φ|P b 0 = I. However, the existence of such a diffeomorphism Φ : P → P need not imply that there is a diffeomorphism φ : B → B such that φ * P = P .
Example 1.2 (Integer affine structures on the circle).
Consider the circle S 1 = R/Z with a coordinatex ∈ R/Z, denote by π : T * S 1 → S 1 the projection and let (x, y) be standard symplectic coordinates on T * S 1 such that x =x • π. Define period lattices P and P by
Z}. The length of S 1 measured by action coordinates in T * S 1 /P and T * S 1 /P is 1 and 2 respectively, so these integer affine structures are non-equivalent, that is, there is no diffeomorphism φ :
such that φ * P = P . Also the symplectic areas of T * S 1 /P and T * S 1 /P are 1 and Chern and Lagrange classes. The Lagrange class can be seen as measuring the difference between the bundles f : M → B and T * B/P → B. First we restrict to the case where the monodromy is trivial, which means that the monodromy map H is trivial in the sense that it maps each homotopy class of loops in B to the identity of GL(n, Z). In this case f : M → B is a principal T n -bundle. Such bundles, but without symplectic structure, are classified by their Chern classes. In the case n = 1 the classification is given by the classical theory (Appendix B) with the Chern class taking values in the singular cohomology H 2 (B, Z); for n > 1 a similar invariant is introduced in the cohomology with coefficients in Z n . The fact that Lagrangian bundles are n-torus bundles with symplectic structure complicates the problem in two ways. First, a given T n -bundle may or may not admit a symplectic form so as to make the bundle Lagrangian; second, if a T n -bundle admits a symplectic form, this form is not unique. If σ and σ are two such symplectic forms on M , then the corresponding bundles are isomorphic if there is a diffeomorphism Φ : M → M such that Φ * σ = σ and f = f • Φ. It turns out that Lagrangian bundles up to isomorphisms are described by the Lagrange characteristic class in the first cohomology group of B with coefficients in the sheaf of closed sections of the principal bundle T * B/P (see Appendix C on preliminaries on sheaf cohomology). This group is related through an exact sequence with cohomology groups of B with integer and real coefficients. If the monodromy is not trivial, the same argument remains true, only instead of cohomology with coefficients in Z n the Chern class is an element of the cohomology with coefficients in a sheaf of sections in the period lattice P → B. This is also called the cohomology with twisted coefficients (see [11] for a simple example). The bundle T * B/P is a locally principal bundle, and the Lagrange class is an element in the cohomology with coefficients in the sheaf of sections of the locally principal bundle T * B/P .
Summary of the Results
The present work continues the study of obstructions to triviality of Lagrangian bundles by Duistermaat [1] and Nguyen [2] , providing new geometric proofs and clarifying subtle aspects of the theory. The Lagrange class classifies Lagrangian bundles with fixed integer affine structure. Monodromy is related to the integer affine structure but does not describe the latter completely, as Example 1.2 shows. Asking for a complete classification of integer affine structures makes no sense, since this would be similar to asking for a classification of open sets in R n up to translation. The problem of classification of Lagrangian bundles can be solved only partially, namely, one can classify period lattices by monodromy, and classify Lagrangian bundles with fixed integer affine structures by the Lagrange class. The role of an integer affine structure is somewhat latent in [1, 2] , and is stressed in this work. We also give a systematic geometric treatment of the classification of Lagrangian bundles with fixed integer affine structure by the Chern and the Lagrange classes.
Historical Comments
The study of the local geometry of Lagrangian bundles started in the 19-th century with the work of Liouville [16] , and the first geometric formulation of the problem and a geometric proof of the Liouville-Arnold theorem were given in the 20-th century by Arnold and Avez [6] . Certain assumptions of Arnold and Avez [6] were later relaxed by Markus and Meyer [7] and by Jost [17] . Some authors also mention the works by Mineur which appeared earlier than Arnold and Avez [6] but remained unknown to a wider audience (see Miranda and Nguyen [18] for a discussion). Other proofs of the Liouville-Arnold theorem can be found in Duistermaat [1] , Bates andŚniatycki [8] , Audin [19] , Abraham and Marsden [4] , and others.
Global properties of Lagrangian bundles were studied by Duistermaat in [1] , who introduced monodromy and the Lagrange class as obstructions to triviality of Lagrangian bundles. The term "Lagrangian class" (we choose the name "Lagrange class" by analogy with "Chern class") was introduced by Nguyen [2] who elucidated certain aspects of [1] and extended the theory to Lagrangian bundles with singularities. The first example of a Lagrangian bundle with nontrivial monodromy, the spherical pendulum, was found by Cushman and first mentioned by Duistermaat [1] . The interest in global properties of Lagrangian bundles increased after Cushman and Duistermaat [20] , and later Child [21] , Cushman and Sadovskii [22] discovered that monodromy explains certain phenomena in joint spectra of atoms. Examples of classical and quantum systems with non-trivial monodromy were found by Cushman and Bates [5] , Bates [23] , Giacobbe, Cushman and Sadovskii [24] , Efstathiou [25] and many others. Vũ Ngo . c [26] , Matveev [27] and Nguyen [28] proved that monodromy in 2-dimensional Lagrangian bundles is related to the presence of focusfocus singularities, and systems exhibiting such phenomena as fractional monodromy and bidromy were discovered in Nekhoroshev, Sadovskii and Zhilinskii [29] , Sadovskii and Zhilinskii [30] . The work by Miranda and Nguyen [18] , Giaccobe [31] , Vũ Ngo . c [32] is devoted to semi-local classification of integrable Hamiltonian systems near singular fibres, and the papers by Nekhoroshev, Sadovskii and Zhilinskii [33] , Efstathiou, Cushman and Sadovskii [34] investigate fractional monodromy.
THE LIOUVILLE-ARNOLD INTEGRABILITY THEOREM REVISITED
In this section we give a geometric proof of the Liouville-Arnold theorem and establish the existence of the integer affine structure on the base space of a Lagrangian bundle, a precise definition of which we give below. We recall that we assume the base manifold B and fibres of the Lagrangian bundle to be (pathwise) connected [13] .
Definition 2.1 (Lagrangian bundle)
. Let (M, σ) be a connected 2n-dimensional symplectic manifold, and B be a connected n-dimensional smooth manifold. Then a surjective map f : M → B is called a Lagrangian bundle if it has the following properties:
1. df has maximal rank everywhere on M .
2. Fibres of f are connected compact Lagrangian submanifolds of M . Definition 2.1 does not require a priori that a Lagrangian bundle is locally trivial (see Appendix B on bundles). We prove local triviality in Section 2.1. 
Theorem 2.1 (Liouville-Arnold

Each ϕ j takes values in
4. The coordinates I are unique up to an integer affine transformation in R n GL(n, Z).
5.
Given I, the coordinates ϕ are determined by the choice of a Lagrangian submanifold on which all ϕ i are zero.
The coordinates (I, ϕ) are called action-angle coordinates. The Lagrangian submanifold in item 5 plays the role of the "zero section" in the bundle M , and action-angle coordinates (I, ϕ) play the role of local trivializations of a Lagrangian bundle, making it locally a principal n-torus bundle. Our proof of Theorem 2.1 is based on the idea of Duistermaat [1] to use the natural fibrewise action of T * B on M to construct local trivializations and is given in section 2.2.
Local Topological Triviality of Lagrangian Bundles
We show that a Lagrangian bundle f : M → B (Definition 2.1) is locally topologically trivial with smooth trivializations. Denote by
Proposition 2.1 (Local triviality of Lagrangian bundles). A Lagrangian bundle f : M → B is locally trivial, that is, for each b ∈ B there exists an open neighborhood V ⊂ B and a diffeomorphism
commuting with projections on V .
Proof. Since F b is compact, it has a tubular neighborhood W in M [35] with a smooth retraction map
which makes the following diagram commutative, 
Then there exist sequences of points p j , p j ∈ W j such that
Passing to a subsequence, we may assume that both p j and p j converge to p and p respectively, then by continuity (f, r)( Returning to the proof of Proposition 2.1 we now choose a neighborhood V ⊂ B of b such that
It should be noted that Proposition 2.1 is just the Ehresmann theorem [36] .
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Proof of the Liouville-Arnold Theorem
In this section we prove the Liouville-Arnold theorem 2.1, using the natural action of fibres of T * B on fibres of M , as it was described in Section 1.3.1.
Action of fibres of T * B on fibres of M
To construct the action of fibres of T * B on fibres of M , for each b ∈ B we will define the map
, and the action is transitive but not free. We study the isotropy group P b of the action, identify the fibre F b with the n-torus T * b B/P b and show that there is a free smooth action of the n-torus on a small neighborhood of F b .
Definition of the action. Fix a point b ∈ B. To obtain the map s b we first define the map 
where X h•f is the Hamiltonian vector field associated to the function h • f on M by 
Lemma 2.2 (S b is well-defined). The map
S b : T * b B → X (F b ) : α → X h•f |F b is well-defined, that is, given α ∈ T * b B:d(h • f )(Y ) = −σ(X h•f , Y ) = 0, which implies that at each p ∈ M we have X h•f (p) ∈ T p F σ f (p) , where T p F σ f (p) denotes the skew- orthogonal complement of T p F f (p) (Appendix A). Since fibres of M are Lagrangian, T p F σ f (p) = T p F f (p) , so X h•f is
Remark 2.1 (Involutivity of first integrals). For any two functions
i.e. the functions h • f and h • f are in involution. This means that any two functions on M which factor through B are first integrals of each other (see Section 1 for the definition of the first integral).
We also show that S b is linear, and the image of S b in X (F b ) consists of vector fields with commuting flows, i.e. [9, 37] [
This is the content of the following lemma.
Lemma 2.3 (Linearity of S b ). The map
has the following properties: 
Taking the time 1 map (S b (−)) 1 of the vector field in (2.4) we obtain the map
The fibre F b is compact, so any vector field S b (α) is complete and the time 1 map (S b (α)) 1 is defined for any α. To show that s b defines an action of T * b B as an additive group we will prove that for any α,
in the following lemma.
Lemma 2.4 (Additivity of T
where
Proof. By Lemma 2.3 for any α, β ∈ T * b B the flows of S b (α) and S b (β) commute, so (2.10) holds (see [37] 
where T * (V ) stands for the restriction T * B|V , i.e. the set of all covectors with base point in V ⊂ B, by
The map K has maximal rank and is a local diffeomorphism [4] near each α ∈ T * (V ). We will use this map later in this section to construct local trivializations of the bundle M .
The isotropy subgroup of the action Since the fibre F b is compact, and the cotangent space T * b B is not compact, the action s b is not free. The isotropy group of the action is the subgroup
Since the action s b is transitive and commutative, the isotropy group P b does not depend on the point p ∈ F b [3] . The following lemma proves that P b is a lattice in
Lemma 2.6 (Isotropy subgroup). The isotropy subgroup
(2.12)
It follows [3, 8] that there exists k n linearly independent elements
Dividing by P b we obtain a diffeomorphism
by the same symbol as the similar map of T * b B. Since F b is compact, the quotient T * b B/P b must be compact. This implies that k = n, i.e. P b is generated by n elements.
Remark 2.3 (Identification of isotropy group with Z
n ). The isomorphism between the lattice P b and Z n is determined by the choice of a basis γ 1 , . . . , γ n of the lattice. Such a basis is not unique, and any two bases of P b are related by a linear transformation in GL(n, Z).
The action of the quotient T
, is transitive and free. The map
is a diffeomorphism, depending on the choice of the point p ∈ F b .
Terminology 2.2 (Action of T
The quotient T * b B/P b is isomorphic to T n , and the fibre F b can also be identified with T n , which is done in the following lemma.
Lemma 2.7 (Identification of the quotient with the standard torus). Given a basis
Proof. The choice of a basis γ 1 , . . . , γ n of P b determines the isomorphism
where γ * i , i = 1, . . . , n, stand for linear coordinates on T * b B so that γ * i (γ j ) = δ ij , and which maps P b onto the subgroup Z n ⊂ R n . Dividing by the lattice P b we obtain the identification
of the fibre T * b B/P b with the standard n-torus, which we again denote by γ * .
Terminology 2.3 (Identification of fibres of M with standard tori). Given a point p ∈ F b
and an isomorphism γ * (2.14), there is an isomorphism
which we call the preferred diffeomorphism between F b and T n .
Definition 2.2 (Integer affine structure).
An integer affine structure on a manifold F is given by an atlas, i.e. a collection of local charts covering F , such that the transition maps between these charts are transformations in the semi-direct product R n GL(n, Z). We call the transformations in R n GL(n, Z) integer affine transformations. Let F and F be manifolds with integer affine structures. A diffeomorphism g : F → F preserves the integer affine structure if for any p ∈ F and any integer affine chart (V, ψ) on F such that g(p) ∈ V , there exists an integer affine chart (U, φ) of F with p ∈ U such that ψ • g • φ −1 ∈ R n GL(n, Z) and the same holds for its inverse. In this case integer affine structures on F and F are called isomorphic.
Remark 2.4 (Integer affine structure on fibres of Lagrangian bundles).
The preferred diffeomorphisms (2.16) are determined up to an integer affine transformation, where an element in GL(n, Z) corresponds to the choice of a basis in the lattice P b (Remark 2.3), and a translation in R n corresponds to the choice of a point p ∈ F b . This means that the preferred diffeomorphisms give the fibre F b an integer affine structure.
Smooth local torus action on fibres of M . We prove that the isotropy group P b smoothly depends on a point b ∈ B, which implies that the quotient T * b B/P b also smoothly depends on b. This implies that locally there is a smooth action of fibres of T * B/P on M . We prove these facts in the rest of this section.
Choose a small open neighborhood V ⊂ B of b and a smooth local section z : V → M , so that (Remark 2.2) there is a local diffeomorphism
determined by z. For each b ∈ V the lattice P b is the preimage of the point z(b ). Consider the set
and denote by g = π|P the restriction of π : T * B → B to P . We call the bundle g : P → B the period lattice. The restriction P |V , for which in what follows we write P (V ), is the preimage of z(V ) under the local diffeomorphism K. It follows that P is a closed smooth n-dimensional submanifold of T * B and the map g is a local diffeomorphism [4] . Moreover, it turns out that g : P → B is a locally trivial bundle with fibre Z n (Appendix B.1), as is proven in the following lemma. 
Lemma 2.8 (Local triviality of P ). The projection g : P → B is a locally trivial bundle with fibre Z n , that is, for b ∈ B there exists an open neighborhood V ⊂ B and a homeomorphism
This map is injective since the sections s 1 , . . . , s n are linearly independent. We next prove that ψ V is surjective, i.e. s 1 , . . . , s n is a basis of sections in P (V ). Assume that there exists β ∈ P (V ) which is not in the image of ψ V . The elements s i (g(β)), i = 1, . . . , n, are in the lattice P g(β) and form a basis in T * g(β) B over R. Without loss of generality we may assume that β is not an integral multiple of any other element in P . Then there exists a basis (β 1 , . . . , β n = β) of P g(β) [3] , and
The matrix (m ij ) is invertible over R and its inverse has rational coefficients by the Cramer rule. Therefore, (0) we can lift the curve c(t) to a continuous curvec(t) in P through β by a local section, sõ
We note that, as before, λ i (t) have to be rational and continuous in t. This means that the λ i (t) are independent of t. From this it follows that the local liftc(t) ⊂ P can be extended over the whole interval [0, 1] . This implies thatc
which is a contradiction. It follows that ψ V is surjective. Thus ψ V is a homeomorphism.
Remark 2.5 (Unique path-lifting).
It follows from Lemma 2.8 that, like covering spaces [13, 14] , the period lattice g : P → B has unique path-lifting, i.e., given a continuous curve c(t) in the base B and a point α ∈ P c(0) there is a unique continuous curvec(t) in P such thatc(0) = α and g •c = c. Now, both T * (V ) and P (V ) are trivial, i.e. there are local bundle isomorphisms
and it follows that there is a diffeomorphism
where T * (V )/P (V ) stands for the restriction T * B/P |V . This means that T * B/P is a smooth manifold and τ : T * B/P → B is a locally trivial bundle with fibre T n . Fibres of the bundle T * B/P are groups acting on fibres of the bundle M with the same base and, since T * B/P is locally trivial, the action of fibres of T * B/P on fibres of M is locally smooth.
Terminology 2.4 (Locally principal bundles T * B/P and M ).
Recall (Appendix B) that a bundle π : E → B is called a principal bundle with group G if there is a fibre-preserving, smooth and free action of G on E, which is transitive on fibres. In our case a local identification of fibres in T * B/P is induced by the identification of fibres in the period lattice P , which by continuity is unique. This means that there is a smooth local action of the n-torus T * b B/P b on T * B/P and M near T * b B/P b and F b respectively, so T * B/P and M locally are principal bundles.
which we denote by the same symbol and which, as the map in Remark 2.2, is determined by the choice of a local section z : V → M . 
Thus, like in a principal circle bundle (Appendix B), the difference between two trivializations of M is determined by a local section in the bundle T * B/P of groups, acting on fibres of M , i.e. such sections occurs as transition maps of M . This resemblance to principal bundles will be used in Section 3 to define obstructions to triviality of Lagrangian bundles.
Local symplectic identification of T * B/P and M
In this section we will show that local trivializations
constructed in Section 2.2.1, can be chosen to be symplectic. For that we have to prove that the quotient manifold T * B/P is symplectic. This is achieved in the following sequence of steps: we show that the smooth map
constructed in Remark 2.2 in Section 2.2.1, is symplectic if and only if the section z : V → M , which determines the map, is Lagrangian. The necessity is straightforward: if K is symplectic, then it has to map the Lagrangian zero section V ⊂ T * (V ) onto a Lagrangian submanifold of M ; hence K can only be symplectic if the section z : V → M is Lagrangian. We will show that z being Lagrangian is sufficient for K to be symplectic. Then the preimage P (V ) of the Lagrangian section z(V ) under K is a Lagrangian submanifold of T * B. It will then follow that the quotient T * B/P by the Lagrangian period lattice P has the induced symplectic structure from 
Such a section z is Lagrangian (Appendix A), and for each dx i , i = 1, . . . , n, on V we have 19) where
where s b (α) = (S b (α)) 1 is the time 1 map (section 2.2.1).
Remark 2.6 (Expression of K in local coordinates).
We obtain the expression for K in local coordinates near the zero section V ⊂ T * (V ). We can do this only locally since the coordinates (a, η) are local. By (2.19) and the definition of the map s b (Section 2.2.1) we have for b ∈ V and small
Let (x, y) be canonical symplectic coordinates on T * (V ) (Appendix A), and recall that in these coordinates we have
Then (2.20) yields that near the zero section V ⊂ T * (V ) the map K is expressed in local coordinates by
which implies that, if z is Lagrangian, K preserves the symplectic structure at the points near the zero section in T * (V ).
The following lemma shows that z being Lagrangian is sufficient for K to be symplectic.
Lemma 2.9 (Symplectic maps between T * B and M ). Provided z : V → M is a Lagrangian section, the map
is given by (2.9), is symplectic. Proof. By Remark 2.6 K is symplectic at points near the zero section in T * (V ). It follows that K is symplectic everywhere on T * (V ). To see this for α ∈ T * b B choose h : B → R such that dh = α. The function h • π depends only on a point in the base, and the Hamiltonian vector field X h•π is tangent to fibres of T * (V ). Moreover,
where (X h•π ) 1 denotes the time one map. Recall from the definition of K (Section 2.2.1) that
so the following diagram is commutative.
Since K is symplectic near the points of the zero section in T * (V ), and the flows of the Hamiltonian vector fields X h•π and X h•f preserve the symplectic form, K is symplectic near α and hence everywhere on T * (V ).
We use the properties of K to prove that the period lattice P is a Lagrangian submanifold of T * B, and the quotient T * B/P is a symplectic manifold.
Lemma 2.10 (Induced symplectic structure). The following holds:
1. The period lattice P is a Lagrangian submanifold of T * B.
2. The fibrewise quotient T * B/P by the period lattice P has an induced symplectic structure, making the projection T * B → T * B/P a symplectic map.
Proof.
Let z : V → M be a Lagrangian section, and K
is Lagrangian, and K is symplectic, P (V ) is a Lagrangian submanifold. 
This proves that T * B/P has a well-defined symplectic structure induced from T * B.
The following corollary is immediate.
Corollary 2.1 (Local symplectomorphism K). Provided z : V → M is a Lagrangian section, the corresponding trivialization
Terminology 2.7 (Local symplectic trivializations of M ).
We call a local Lagrangian section z : V → M and the corresponding symplectic diffeomorphism K a local symplectic trivialization of M (compare to Terminology 2.5).
Terminology 2.8 (Transition maps of symplectic trivializations of M ).
Recall (Section 2.2.1 Terminology 2.6) that transition maps between smooth trivializations of M are given by smooth local sections in the bundle τ : T * B/P → B. In the case of symplectic trivializations of M such sections have to be Lagrangian. To see that let z and z be local Lagrangian sections of M , and let K be the trivialization defined by z. Then K −1 (z (V )) is locally the image of a closed section β : V → T * B under the quotient map T * B → T * B/P , and hence is a Lagrangian section in T * B/P (Lemma 2.10). We will often say a "closed section of T * B/P " meaning a Lagrangian section of T * B/P . Such sections occur as transition maps of symplectic trivializations of M .
Adapted coordinates on B and action coordinates on M and the freedom in their construction
In this section we prove the existence of an integer affine structure on the base B, i.e. we show that B admits a system of local charts (V, x) such that the transition maps between the charts are transformations in R n GL(n, Z). The coordinates x will be called adapted coordinates.
Recall from section 2.2.1 that the cotangent bundle T * B contains the period lattice P which is a locally trivial Z n -bundle (Lemma 2.8 section 2.2.1). Let α 1 , . . . , α n be a local basis of sections in the period lattice. The sections α i are locally defined differential 1-forms on B, hence shrinking, if necessary, to a smaller simply connected neighborhood V ⊂ B of b, by the Poincaré lemma there exist local functions x 1 , . . . x n , such that dx i = α i , i = 1, . . . , n (such a neighborhood always exists, see Appendix C.3 or [38] ). By taking V even smaller, if necessary, we can arrange that x 1 , . . . , x n are coordinates on V .
Terminology 2.9 (Adapted coordinates).
Local coordinates x 1 , . . . , x n on B, such that the differentials dx 1 , . . . , dx n are a local basis of sections in the period lattice P , are called the adapted coordinates.
By Remark 2.4 in section 2.2.1, if x and x are two choices of adapted coordinates on V , then at each b ∈ V the bases dx 1 (b), . . . , dx n (b) and dx 1 (b), . . . , dx n (b) are related by a linear transformation A ∈ GL(n, Z). Since the sections dx i are smooth and the group GL(n, Z) is discrete, this transformation is locally constant on V . This determines the transition maps between x and x up to a translation of the origin, and the latter can be moved by a vector ξ ∈ R n . Therefore,
and adapted coordinates give B an integer affine structure (section 1.3.1).
As in Section 2.2.2, we can define the functions
. . , n on M , called the action coordinates. It follows that for any two choices I and I of action coordinates we have
i.e. the functions I are determined up to the same integer affine transformation in R n GL(n, Z) as the corresponding adapted coordinates.
Angle coordinates and the freedom of their construction
To finish the proof of the Liouville-Arnold theorem we only have to obtain angle coordinates ϕ = (ϕ 1 , . . . , ϕ n ) and determine the freedom of their construction. For that let x = (x 1 , . . . , x n ) be adapted coordinates on B, as obtained in section 2.2.3, and let (x, y) be the corresponding canonical symplectic coordinates on T * (V ) (Appendix A), i.e. consider the isomorphism
The image of the period lattice P under this isomorphism is the subset U × Z n ⊂ U × R n , and the induced coordinates on the quotient T * B/P are (x, y) :
where y i , i = 1, . . . , n, take values in T 1 . The composition of (x, y) with the inverse of a local symplectic trivialization K : T * (V )/P (V ) → f −1 (V ), determined by the choice of a local Lagrangian section z : V → M , provides us with local symplectic coordinates
such that the functions I = (I 1 , . . . , I n ) factor through B, and the functions ϕ = (ϕ 1 , . . . , ϕ n ) take values in T 1 . These coordinates are called action-angle coordinates. To determine the freedom in the construction of action-angle coordinates, notice that, given the adapted coordinates x = (x 1 , . . . , x n ), the coordinate system (x, y) on T * (V ) is completely determined (Appendix A), and the only freedom in the construction of the angle coordinates
This finishes our proof of the Liouville-Arnold theorem 2.1.
COMPLETE INVARIANTS OF LAGRANGIAN BUNDLES
In this section we consider obstructions to triviality of Lagrangian bundles, as introduced by Duistermaat [1] . We review the theory of obstructions to triviality of Lagrangian bundles. A Lagrangian bundle f : M → B is trivial if it is isomorphic to a trivial principal symplectic ntorus bundle, and the obstructions to its triviality are the following.
In Section 3.1 we consider the monodromy, which, as was already explained in Section 1.3.2, is a complete invariant of period lattices P and an obstruction to the Lagrangian bundle being a principal bundle. Notice (Section 1.3.2 Example 1.2), that if two period lattices P and P are isomorphic, this does not imply that they define isomorphic integer affine structures on the base manifold B (Section 2.2.1 Definition 2.2), so if two Lagrangian bundles M and M have the same monodromy, their lattices P and P are isomorphic, but may not be the same or even not related by a diffeomorphism in B, i.e. there may be no diffeomorphism φ : B → B such that φ * P = P . Next we fix the integer affine structure on the base manifold B, and study Lagrangian bundles f : M → B with the corresponding period lattice P . We are interested in a more general question than obstructions to triviality: given two Lagrangian bundles f : M → B and f : M → B with fixed integer affine structure, when are these bundles isomorphic (see Section 3.2 for the definition of isomorphism of Lagrangian bundles)? In Section 3.2 we show that two such Lagrangian bundles are smoothly isomorphic if and only if they have the same Chern class, and they are symplectically isomorphic if and only if they have the same Lagrange class. So a Lagrangian bundle with trivial monodromy is trivial if its Lagrange class is zero, which means that the bundle admits a global Lagrangian section or a global trivialization. In Section 3.2.2 we elaborate on the relation between the Chern and the Lagrange classes of Lagrangian bundles.
Monodromy
In this section we introduce monodromy. The symplectic structure does not play any role in the considerations of this section, for this reason we consider the general case, namely, locally trivial Z n -bundles g : P → B over a connected base space B. We introduce a complete invariant of such bundles, called monodromy. Notice that, given B, not every Z n -bundle P over B can be realized as a period lattice in T * B; for example, if T * B is non-trivial, the period lattice can only be non-trivial. We show that the monodromy can be seen as an obstruction to triviality of Lagrangian bundles.
Monodromy of Z
n -bundles. Like covering spaces, the bundle P has unique path-lifting (Section 2.2.1 Remark 2.5), and the classification of Z n -bundles is analogous to that of covering spaces. For this reason in our treatment of monodromy we will be brief and omit proofs, referring to [13, 14] .
Using the property of unique path-lifting, given b ∈ B we define the homomorphism and is a automorphism of P b we refer to [13, 14] . We notice that the homomorphism H is independent of the point b in the following sense. Let b ∈ B and denote by H the monodromy homomorphism at b . Since B is connected, the fundamental groups π 1 (B, b) and π 1 (B, b ) are isomorphic [13, 14] , and, due to the unique pathlifting of P , there exists a group isomorphism
The following theorem states that the monodromy is a complete invariant of Z n -bundles P . 
i.e. we have Φ|P b = I.
Moreover, for any group morphism H (3.1) there is a corresponding Z n -bundle. These statements are proved by standard methods of theory of covering spaces [13, 14] .
Monodromy of period lattices. Recall (Section 2.2) that the period lattice P is a locally trivial Z n -subbundle of T * B, so the above applies to P . The monodromy homomorphism H, defined by (3.1), is trivial, if its image is the identity in Aut(P b ). The lattice P is trivial, if there exists a diffeomorphism P → B × Z n commuting with obvious projections. By Theorem 3.1 the period lattice P is trivial if and only if the monodromy homomorphism H is trivial. If P is trivial, the bundle T * B is trivial, and it follows that also the quotient bundle T * B/P is trivial as well, i.e. there exists an isomorphism T * B/P → B × T n . Recall (Section 2.2) that fibres of T * B/P act freely and transitively on fibres of the corresponding Lagrangian bundle f : M → B. If T * B/P is trivial, for each b, b ∈ B there is a canonical isomorphism between the fibres T * b B/P b and T * b B/P b , and there is the smooth action of the n-torus T n on M . This means that if the period lattice P is trivial, then the Lagrangian bundle M is a principal torus bundle which, however, needs not be trivial, as we show later in Section 3.2.2. If the monodromy is non-trivial, the bundle M is not a principal bundle and is certainly non-trivial. In this sense the monodromy is the obstruction to M being a principal bundle.
Remark 3.1 (Significance of monodromy).
The monodromy can be regarded as an obstruction to the existence of a Lagrangian bundle with a given manifold B as its base space, as the following examples show.
1. Let B = S 2 . Since S 2 is simply connected, the monodromy map has to be trivial, and also the period lattice P ⊂ T * S 2 must be trivial. But this is not possible, since T * S 2 is non-trivial (Hairy Ball Theorem, [9] ). Thus there is no Lagrangian bundle over S 2 .
2. Let B = S 3 . The tangent bundle T S 3 , and hence the cotangent bundle T * S 3 , is trivial. However, as we show now, there is no integer affine structure on S 3 (and no period lattice over S 3 ). Indeed, suppose such a period lattice P ⊂ T * S 3 exists. Since S 3 is simply connected, the monodromy is trivial and hence P is a product, i.e. P ∼ = S 3 × Z 3 . So we can take a global non-zero section α in P . Because P is Lagrangian, the 1-form α is closed. Since the de Rham cohomology H 1 dR (S 3 ) is trivial [11] , α is exact and there exists a smooth function f : S 3 → R with df = α. But this leads to a contradiction: since S 3 is compact, f must have a maximum on S 3 . Then df vanishes at the maximum point, while α is nowhere zero.
The Chern and the Lagrange Classes of a Lagrangian Bundle
In this section we introduce the classification of Lagrangian bundles with fixed integer affine structure on the base manifold B by the Lagrange class. This means that the period lattice P and the quotient bundle T * B/P are fixed. Since we are going to deal with different kinds of bundles, first we review the terminology.
Recall (Section 2.2) that a Lagrangian bundle f : M → B is a locally trivial n-torus bundle, although the fibres of M do not have a group structure. The quotient bundle τ : T * B/P → B is a locally trivial (Lagrangian) bundle whose fibres are torus groups, acting on the corresponding fibres of f : M → B. The action of fibres of T * B/P on fibres of M is free, transitive and smooth. Local identification of fibres in T * B/P is induced from the identification of fibres in the period lattice P , so it is unique. This means that locally on M (and T * B/P ) there is a smooth fibre-preserving and free action of an n-torus, and M (and also T * B/P ) locally is a principal bundle (Section 2.2 Terminology 2.4).
We can treat both M and T * B/P as general locally principal n-torus bundles. Then (local) trivializations of M are local bundle isomorphisms of T * B/P to M . These trivializations are in one-to-one correspondence with local sections z : V → M (Section 2.2.1 Terminology 2.5), and the transition maps of the trivializations are defined by local sections in T * B/P (Section 2.6). It should be stressed here that we adopt a modified notion of local triviality; it reduces to the standard notion of local triviality only if the quotient bundle T * B/P is trivial in the usual sense, that is, if it is diffeomorphic to the product B × T n (see also Terminology 3.1). Furthermore, if we regard M and T * B/P as symplectic n-torus bundles, then local symplectic trivializations of M are local symplectic bundle isomorphisms of T * B/P to M , which are in one-to-one correspondence with local Lagrangian sections in M (Section 2.2.2 Terminology 2.7), and transition maps of the trivializations are symplectic and are determined by local closed sections in T * B/P (Section 2.2.2 Terminology 2.8).
Recall from Appendix B, that f : M → B and f : M → B with fixed P and, therefore, fixed T * B/P are isomorphic as general locally principal torus bundles, if there exists a diffeomorphism Ψ : M → M such that the following diagram commutes and Ψ commutes with the action of tori in T * B/P on M . We say that Lagrangian bundles f : M → B and f : M → B are isomorphic if they are isomorphic as general locally principal ntorus bundles. Two Lagrangian bundles f : M → B and f : M → B are symplectically isomorphic if there is such a diffeomorphism Ψ, which also preserves the symplectic structure, i.e. such that Ψ * σ = σ, where σ and σ are the symplectic forms on M and M respectively. Note that τ : T * B/P → B can be also seen as a Lagrangian bundle whose fibres have a group structure. The bundle T * B/P has a global zero Lagrangian section, so we say that T * B/P has a global trivialization (in the extended sense, see Terminology 3.1 below).
Terminology 3.1 (Triviality of a Lagrangian bundle).
We say that a Lagrangian bundle f : M → B admits a global trivialization if it admits a global section. In this case τ : T * B/P → B and f : M → B are isomorphic as general locally principal n-torus bundles. We say that the bundle M admits a global symplectic trivialization if it admits a global Lagrangian section. In this case T * B/P and M are symplectically isomorphic.
We will define the Chern class of a general locally principal torus bundle, and show that it is a complete invariant of such bundles, which means at least that if two general n-torus bundles are not isomorphic, their Chern classes should be different. The notion of a complete invariant will be made more precise in Section 3.2.1. We also note that the Chern class can be seen as the obstruction to a general torus bundle to admit a global section, i.e. a general torus bundle may admit a global section only if its Chern class is trivial. For Lagrangian bundles this means that the Chern class is the obstruction to the Lagrangian bundle being topologically trivial in the sense of Terminology 3.1.
Similarly, we will define the Lagrange class of a Lagrangian bundle, and show that it is a complete invariant of Lagrangian bundles with fixed integer affine structure and the obstruction to a Lagrangian bundle to admit a global Lagrangian section. Then in the sense of Terminology 3.1 the Lagrange class is the obstruction to a Lagrangian bundle M being symplectically isomorphic to the bundle T * B/P and the bundle M being trivial in that sense.
Notice that each symplectic n-torus bundle can be seen as a general torus bundle by forgetting the symplectic structure on M ; however, not every general n-torus bundle admits a symplectic structure, as will be shown in Section 3.2.2. Thus for a symplectic torus bundle one can define both the Lagrange and the Chern class, although in this case the Chern class is not a complete invariant, which means that not every Chern class can be realized as the Chern class of a Lagrangian bundle, and bundles, which are not symplectically isomorphic, may have the same Chern class. We will clarify the relation between the Chern and the Lagrange classes. In particular, we will point out conditions on a manifold B under which any n-torus bundle over B admits a symplectic structure; we will also show that if an n-torus bundle admits a symplectic structure, this structure is never unique, and often is not unique up to a symplectic bundle isomorphism.
The Chern class of a general n-torus bundle and the Lagrange class of a Lagrangian bundle
In this section we develop the classification of locally principal general n-torus bundles by the Chern class, and the classification of Lagrangian bundles by the Lagrange class. We do this first for a fixed good cover V of B, and then show that the results do not depend on the choice of the good cover V (see Appendix B.2).
The Chern class of a general n-torus bundle. We start with the classification of locally principal general n-torus bundles. Let π : R → B be a locally trivial vector bundle over B with fibre R n and g : P → B be a locally trivial Z n -subbundle of R. Then the fibrewise quotient τ : T = R/P → B is a locally trivial n-torus bundle whose fibre is a group. Let f : M → B be an n-torus bundle, i.e. fibres of M are diffeomorphic to T n but do not have a group structure. We assume that there is a free and transitive action of fibres of T on fibres of M , given by
Note, that locally there is the canonical identification of fibres in T , which is induced by the identification of fibres in P . This means that the smooth action of T b is defined on a neighborhood of each F b , and locally M is a principal bundle. If T is trivial, the action of T b is smooth on the whole of M , and M is a principal bundle. We fix the bundles R and P , and look for invariants classifying general locally principal n-torus bundles.
To define a complete invariant of general locally principal n-torus bundles we will use the same approach as for principal circle bundles (Appendix B). As in the case of principal circle bundles, trivializations of M are determined by the choice of local "zero" sections, and the difference between trivializations is determined by a local section in the bundle of groups T whose fibres act on fibres of M (Section 2.2.1 Terminology 2.6).
Recall (Appendix C.3, [38] ) that a good cover V of B is a locally finite open cover such that all sets of V and all finite intersections of sets of V are contractible. Any good cover is a trivializing cover of any bundle, e.g. M , R, P etc. For each V i ∈ V let z i : V i → M be a local section determining a trivialization of M . As we have already mentioned, on each non-empty intersection 
The transition maps are alternating,
and satisfy the cocycle condition,
Denote by T n the sheaf of sections of the bundle T . As in the case of principal circle bundles, (3.4) implies that the 1-cochain
is a 1-cocycle. We denote by
the cohomology class of α. The proof of the following results is analogous to the proofs of Lemma B.1 and Theorem B.1 in Appendix B. 
Lemma 3.1 (Independence of choice of local trivializations). The cohomology class
[α] ∈ H 1 (V , T n ) of
a general n-torus bundle f : M → B does not depend on the choice of local trivializations, that is, if {z i } and {z i } are two choices of trivializations over a good cover V with transition maps α ij and α ij respectively, then
[α] = [α ] ∈ H 1 (V , T n ).
Theorem 3.2 (Complete invariant of general n-torus bundles). Let V be a good cover of a manifold B, and let P (and hence T ) be fixed. Then:
1. For each element [α] ∈ H 1 (V , T n ) there
is a corresponding general locally principal n-torus
bundle f : M → B.
The cohomology class [α] ∈ H 1 (V , T n ) of the bundle f : M → B is zero if and only if M admits a global trivialization, and so is isomorphic to T = R/P (Terminology 3.1).
Terminology 3.2 (Complete invariants). By Theorem 3.2 each value of [α] ∈ H 1 (V , T
n ) corresponds to a general locally principal n-torus bundle, and each [α] ∈ H 1 (V , T n ) determines a general locally principal n-torus bundle up to an isomorphism. This means that [α] is a complete invariant of general locally principal n-torus bundles.
Denote by P the sheaf of sections of g : P → B. By Example C.7 in Appendix C.3 for every good cover V of B there is an isomorphism
so also the cohomology class
is a complete invariant of general locally principal n-torus bundles. The cohomology class ν is called the Chern class of f : M → B.
Remark 3.2 (Chern class of a general n-torus bundle with trivial P ).
If the bundle g : P → B is trivial, then τ : T → B is a trivial principal n-torus bundle and f : M → B is a principal n-torus bundle. Then P is isomorphic to the direct sum of n trivial Z-bundles, which yields the following isomorphism on sheaf cohomology (Appendix C.3 Example C.6)
where Z is the sheaf of locally constant Z-valued functions. In its turn, τ : T → B is isomorphic to the direct sum of n circle bundles τ i : S i → B, i = 1, . . . , n, with the Chern classes c i ∈ H 2 (V , Z ). Thus the Chern class ν ∈ H 1 (V , P) of T is the n-tuple
The Lagrange class of a Lagrangian bundle. By an argument, similar to the one used in section 3.2.1 we introduce the Lagrange class of Lagrangian bundles, only now local trivializations and transition maps, involved in the construction, are symplectic. Let f : M → B be a Lagrangian bundle, then R = T * B, the period lattice g : P → B is a Z n -subbundle of T * B, and the quotient bundle τ : T * B/P → B plays the role of the bundle T . The quotient bundle T * B/P is a bundle of torus groups, whose fibres act freely and transitively on fibres of M by
We develop the classification of Lagrangian bundles f : M → B with fixed integer affine structure on B, hence with fixed period lattice P and the quotient bundle T * B/P . Recall (Section 2.2.2 Terminology 2.7 and 2.8) that in a Lagrangian bundle local symplectic trivializations over open sets of a good cover V are determined by local Lagrangian sections z i : V i → M , V i ∈ V , and on each non-empty intersection V i ∩ V j the difference between z i and z j defines a closed local section
Denote by Z the sheaf of closed sections of T * B/P . Then the assignment
is a 1-cocycle with coefficients in Z, and the cohomology class
is called the Lagrange class of the Lagrangian bundle f : M → B. By exactly the same argument as in the case of general locally principal n-torus bundles (and for principal circle bundles, Appendix B.2 Lemma B.1) one can prove that the Lagrangian class λ is independent of the choice of local trivializations z i . There is the following classification theorem.
Theorem 3.3 (The Lagrange class is a complete invariant).
Let V be a good cover of a manifold B with given integer affine structure. Then: 
The Lagrange class of f : M → B is zero if and only if M admits a global symplectic trivialization and is symplectically isomorphic to T * B/P (Terminology 3.1).
Similarly to principal circle bundles (see Appendix B.2), cohomology groups H q (V , S), q 1, where S may be the sheaf T n or Z, is independent of the good cover V . Taking the direct limit of cohomology groups over all good covers of B, one obtains an isomorphism H q (V , S) → H q (B, S) . The image of the cohomology class [α] under this isomorphism corresponds to the same bundle over B as [α] . It follows that the Chern and the Lagrange class are independent of the good cover of B.
In what follows we consider the Chern and the Lagrange classes with values in the cohomology of the manifold B.
Relating Chern and Lagrange classes
By forgetting the symplectic structure on M , a Lagrangian bundle f : M → B is also a general locally principal n-torus bundle, and one can define the Chern class for it. In this section we elaborate on the relation between the Chern and the Lagrange classes of a Lagrangian bundle. For background in sheaf theory we refer to Appendix C.3.
We will relate the Chern and the Lagrange classes by a diagram with exact rows which we construct now. Denote by Z 1 the sheaf of closed sections in T * B, and denote by P the sheaf of (closed) sections in the period lattice P . Then the following sequence is exact,
where ı and q are the inclusion and the quotient sheaf homomorphisms respectively, and induces the corresponding long exact sequence of sheaf cohomology
6) The period lattice P can be seen as a smooth Z n -subbundle of T * B, and the symplectic bundle T * B/P is also a smooth bundle of groups if one forgets the symplectic structure on T * B/P . Denoting by Λ the sheaf of smooth sections in T * B/P , and by Λ 1 the sheaf of smooth sections in T * B, i.e. differential 1-forms, we obtain the following exact sequence of sheaves
which induces the corresponding long exact sequence on cohomology 
By the de Rham theorem (Appendix C.3 Theorem C.1) we have the isomorphisms
where H q+1 dR (B) denotes the de Rham cohomology of B. Combining (3.8) with (3.9), we obtain the following commutative diagram with exact rows
is the Chern class of the Lagrangian bundle M . Analyzing Diagram (3.10) we immediately draw the following conclusions.
Remark 3.3 (Symplectic structure on n-torus bundles).
1. The mapδ * might not be surjective, which implies that a general locally principal n-torus bundle over B might not admit a symplectic structure. Finding examples of this situation presents an interesting problem.
Since the rows in (3.10) are exact, if H 3 dR (B) = 0 then we have imageδ
i.e. in this case every general locally principal torus bundle over B admits a symplectic structure. In particular, this means that every general locally principal torus bundle over a 2-dimensional manifold can be made Lagrangian (see Example 3.1 of torus bundles over T 2 ). 
Let Θ be a closed differential 2-form on B. Then the following holds:
is non-degenerate and defines a symplectic structure on M .
There exist trivializations z i : V i → M with transition maps α ij and the Lagrange class
1. Let (a, η) be local symplectic coordinates near p ∈ M such that the functions a i factor through B. Then at each p ∈ M the symplectic form σ defines a quadratic form on T p M , represented by the matrix
where 0 is the n × n zero matrix, and I is n × n identity matrix. Similarly, σ = σ − f * Θ defines a quadratic form represented by the matrix
where A is an n × n matrix corresponding to −f * Θ. We have det Σ = det Σ , so σ is nondegenerate.
2. To construct trivializations z i , denote by Z 2 the sheaf of closed differential 2-forms on B, and consider the following short exact sequence.
where, as before, Z 1 and Λ 1 are sheaves of closed 1-forms and all 1-forms on B respectively, ı is the inclusion sheaf homomorphism, and d is the sheaf homomorphism, induced by the exterior differentiation. Since the cover V is good, the following sequence of cochain complexes is exact.
We use this diagram to construct sections z i . The global 2-form Θ corresponds to a 0-cocycle in C 0 (V , Z 2 ). Since the sheaf homomorphism d is surjective, there exists a 0-cochain
The sections dβ i agree on intersections, so
Thus δβ is a 1-cochain with coefficients in Z 1 . Define the local section z i :
is the symplectic map determined by the section z i . Then z i are Lagrangian with respect to σ , indeed, where by the construction δγ = Q(Θ).
Example 3.1 (Lagrangian bundles over the torus).
Let B = T 2 , then H 3 dR (B) = 0, and by the exactness of rows in diagram (3.10) the mapδ * is surjective. This means that any general locally principal n-torus bundle over B admits a symplectic structure and so becomes Lagrangian. Let (x 1 , x 2 ) be coordinates modulo 1 on the base B, and (x 1 , x 2 ,ȳ 1 ,ȳ 2 ) be symplectic coordinates on T * B with the canonical form
Choose α 1 , α 2 ∈ R \ {0}, and consider the period lattice in T * T 2 , given by
The lattice P α is trivial, which means (section 3.1) that the bundle T * T 2 /P α is a trivial principal bundle, i.e. there is an isomorphism T * T 2 /P α → T 2 × T 2 , commuting with the action of T 2 . The bundle T * T 2 /P α with symplectic form ω induced from T * T 2 , has a global Lagrangian zero section, i.e. it has both zero Chern and Lagrange classes (Terminology 3.1). We want to classify the Lagrangian bundles which can be obtained from this bundle by modifying the symplectic structure. For this we compute the kernel of the map Q in the diagram (3.10). These Lagrangian bundles are then in one-to-one correspondence with H 2 dR (T 2 )/ ker Q.
To this end introduce the coordinates (x, y)
Note that (x, y) are not symplectic with respect to ω. According to Theorem 3.4 the action of Q is such that for
where Θ is a representative of [Θ] and π is the canonical projection in T * T 2 /P α . We note that H 2 dR (T 2 ) ∼ = R and that we may assume that Θ = γdx 1 ∧ dx 2 , where γ ∈ R. In order to investigate for which [Θ] we get a Lagrangian bundle with Lagrange class zero, we have to find out whether there is a section z in T * T 2 /P α for which z * (ω + π * Θ) is exact. The cohomology class of z * (ω + π * Θ) depends only on the homotopy class of z. Up to homotopy, any section z is "linear" in the sense that [39] 
and juxtaposition denotes matrix multiplication. We note that z is a global section if and only if A ∈ gl(2, Z). Setting a 12 = n 1 , a 21 = n 2 , we compute the pullback
Thus for a fixed P α , α = (α 1 , α 2 ), and zero Chern class the set of isomorphism classes of Lagrangian bundles over T 2 is in one-to-one correspondence with the set R/(α 1 , α 2 ) Z , and the Lagrange class of the bundle (T * T 2 /P α , ω ) with
Since Q is a homomorphism, the same holds for any Chern class (see Remark 3.4).
Remark 3.4 (Conclusions on Example 3.1).
1. The set of isomorphism classes of Lagrangian bundles over T 2 with fixed Chern class is in one-to-one correspondence with R/(α 1 , α 2 ) Z , where (α 1 , α 2 ) Z is an additive subgroup of R 2 with elements of the form (α 2 n 2 − α 1 n 1 ), n 1 , n 2 ∈ Z.
2. We note that if the ratio α 1 /α 2 is rational, the quotient R/(α 1 , α 2 ) Z has the natural topology of the circle T 1 , otherwise the topology is more complicated.
Example 3.2 (Lagrangian bundles over the Klein bottle).
Let (x, y) be standard coordinates on R 2 . Under the identification
one obtains the Klein bottle. The integer affine structure on R 2 induces an integer affine structure on the Klein bottle K , and the period lattice P α in T * K can be defined similarly to Example 3.1, i.e. by (3.15) . Recall [11] that H 2 dR (K ) = 0 and, since K is not orientable, H 3 dR (K ) = 0. Then it follows from diagram (3.10) that the mapδ * is an isomorphism, which implies that there is an isomorphism between the sets of Chern and Lagrange classes of bundles over K . In other words, all symplectic structures on a general locally principal torus bundle over K are isomorphic.
This completes our treatment of global invariants of Lagrangian bundles. As we already mentioned in Section 1, non-trivial monodromy have been found in many examples of real-world integrable systems. It is interesting also to know possible mechanical interpretations of other parts of the theory, i.e. integer affine structure, the Chern and the Lagrange class.
APPENDIX A. BASIC FACTS OF SYMPLECTIC GEOMETRY
We recall some definitions and basic results of symplectic geometry [3, 4, 40, 41] . Definitions and sign conventions. A symplectic manifold is a pair (M, σ) where M is a 2n-dimensional smooth manifold and σ is a closed 2-form on M such that the 2n-form
is nowhere zero. Denote by X (M ) the set of vector fields on M . Using σ, to each vector field X ∈ X (M ) one can associate a unique differential 1-form ι X σ by
The vector field X is called symplectic if ι X σ is closed; X is called Hamiltonian if ι X σ is exact, that is, if there exists a smooth function g : M → R such that
In this case X is often denoted by X g , and the function g is called the Hamiltonian of X g . We notice that locally, by the Poincaré lemma [11] , every symplectic vector field is Hamiltonian. The
where X g , X h are the Hamiltonian vector fields associated to g and h. We note that, up to sign, the Poisson bracket {g, h} is a Lie derivative of g (resp. h) along the Hamiltonian vector field X h (resp. X g ), that is, 
such that σ takes the canonical form
Sketch of the proof. We include the sketch of a proof of the Darboux theorem which shows that any system of local functions near p ∈ M , such that their differentials are linearly independent and the conditions (A.2) below are satisfied, can be completed to a symplectic coordinate system on a possibly smaller neighborhood of p, however, in a non-unique way. In the proof we use the Frobenius theorem [42] 
Symplectic coordinates (x, y) will be constructed by induction on the number (resp. m) of functions x (resp. y). Since x and y are interchangeable, we give the argument only for the case when we add a function x +1 . The argument for y m+1 is the same. If = m = 0 then as x 1 we choose any function whose differential does not vanish near p. Let (x 1 , . . . , x , y 1 , . . . , y m ) be functions near p such that dx 1 , . . . , dx , dy 1 , . . . , dy m are linearly independent, and satisfy the conditions
where 
and, if + 1 m,
where g is an arbitrary function such that dg = 0. Thus x +1 is determined up to a function of the remaining coordinates η 1 , . . . , η 2n− −m . It is easy to see that (x 1 , . . . , x +1 , y 1 , . . . , y m ) satisfy (A.2) and their differentials are linearly independent. The induction procedure is continued till = m = n, when the coordinate system (x 1 , . . . , x n , y 1 , . . . , y n ) near p is complete. 
We note that if W is Lagrangian then dim W = Symplectic coordinates on a cotangent bundle. Let N be a smooth n-dimensional manifold, T * N be its cotangent bundle, and let π : T * N → N be the projection. The tautological 1-form θ on N is defined by
for any α ∈ T * N and any X ∈ T α (T * N ), and the natural symplectic structure on T * N is given by the canonical form ω = dθ. Given local coordinates x = (x 1 , . . . , x n ) near p ∈ N , any α ∈ T * N can be expressed in the basis dx 1 , . . . , dx n , i.e.
and one can define local coordinate functions y 1 , . . . , y n by
and the coordinate system (x, y) is symplectic with respect to the canonical form ω. The zero section of T * N is locally given by equations y i = 0, i = 1, . . . , n, and we observe that the zero section and the fibres of T * N are Lagrangian submanifolds. 
2.
The following statements are equivalent.
(c) The following map is a symplectomorphism: 
APPENDIX B. CHARACTERISTIC CLASSES FOR CIRCLE BUNDLES
We recall the definition of a bundle and bundle morphism [11] , and the classification of principal circle bundles by the Chern class.
B.1. Bundles and Bundle Morphisms
Let E, B and F be smooth manifolds, and recall [11] that a surjective map π : E → B is called a bundle with fibre F if it is locally trivial, that is, there exists an open cover V = {V i } of B and diffeomorphisms
called trivializations, such that the following diagram commutes for each V i ∈ V .
| | y y y y y y y y y
V i
The manifolds E and B are called the total and the base manifolds (or spaces) respectively; F is called the fibre and π is called the projection. For each b ∈ B the set π −1 (b) is diffeomorphic to F and is called the fibre at b. We will often refer to the bundle by its total space E. A smooth map
of F , and the function α ij : 
A morphism between two bundles π : E → B and π : E → B is a smooth map
such that the following diagram is commutative,
that is, for any p ∈ E we have π • Φ(p) = π(p). If, moreover, Φ is a diffeomorphism, it defines an isomorphism between the two bundles. The bundles are locally isomorphic if they have diffeomorphic fibres. For example, any bundle π : E → B with fibre F is locally isomorphic to the trivial bundle B × F . A bundle π : E → B is called a vector bundle if for any b ∈ B the fibre π −1 (b) is a vector space and α ij (b) are linear maps. In other words, we can take F = R n , and transition functions α ij taking values in GL(n, R). Well-known examples of vector bundles are the tangent and the cotangent bundles of a smooth manifold B, denoted by T B and T * B respectively [4, 9, 11] .
Recall [9, 11, 43 ] that a Lie group G is a smooth manifold with group structure such that the group operations, namely multiplication and inverse, are smooth. Examples of Lie groups are R n and the circle T 1 with additive group structure, and GL(n, R) with matrix multiplication as a group operation. Notice that we denote the circle by S 1 when we are interested in its manifold structure, and by T 1 when we want to stress that it has a group structure. Recall [9, 40] that an action of G on E is free if g · p = p for some p ∈ E implies g = id G . A bundle π : E → B is called a principal bundle with group G if there is a fibre-preserving, smooth and free action of G on E, which is transitive on fibres. This means that fibres of E are diffeomorphic to G, and local trivializations are given by
where s i : V i → E is a smooth local section of E. Thus every local section determines a local trivialization of E and vice versa. This means that in the case of a principal bundle the terms "trivializations" and "local sections" are interchangeable.
is given by an element of G, so the transition functions α ij take values in G. A simple example of a principal bundle is the torus T 2 which can be thought of as a principal T 1 -bundle over S 1 . We require morphisms between bundles E and E to preserve additional structure. Thus, a map Φ is a morphism between vector bundles E and E if it is a linear map on fibres. Similarly, a morphism of principal bundles has to commute with the group action.
Remark B.1 (Bundles with symplectic structure on the total space). If the manifold E is symplectic, one may wish to take the symplectic structure in consideration in the definition of a bundle. However, the notion of a symplectic bundle cannot be defined in the general case, since the symplectic structure on the product V × F , V ⊂ B is not defined. There are some exceptions: the cotangent bundle T * B with the canonical form ω, and Lagrangian bundles, where the symplectic structure on the product is given by the Liouville-Arnold theorem. In both cases these bundles have Lagrangian fibres.
B.2. Classification of Principal Circle Bundles
Let S and B be smooth manifolds, and τ : S → B be a principal T 1 -bundle with a free action of T 1 on S denoted by
Non-triviality of S is measured by a characteristic class in the sheaf cohomology of the base manifold B, which we introduce in this section. For an introduction to sheaf theory we refer to Appendix C. Characteristic class of principal circle bundles. Let V = {V i } i∈I be a good cover of B (Appendix C, [38] 
The function α ij can be regarded as a section of the trivial bundle B × T 1 → B, and hence is an element of the sheaf T of sections of B × T 1 → B (see Appendix C on sheaf theory). Define a cochain α ∈ C 1 (V , T ) by
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Together with the cocycle condition (B.2), written in the additive form, this yields
where we use the same notation for α jk and the restriction of α jk to V i ∩ V j ∩ V k . As we will see in Appendix C, this means that α is a 1-cocycle and it represents the cohomology class
We show that [α] is a complete invariant of principal circle bundles. We do this first for a fixed good cover V of B, and then show that our construction is independent of the good cover.
Lemma B.1 (Independence of choice of local trivializations).
The cohomology class 
Proof. We show that α and α differ by a coboundary. Indeed, for each b ∈ V i the values s i (b) and s i (b) differ by an element in T 1 , that is,
for some smooth function
The assignment
is a 0-chain with coefficients in T , and for each (ij) ∈ I × I we have
where we use the same notation for β i and its restriction to
We show that [α] ∈ H 1 (V , T ) is a complete invariant of principal circle bundles over a manifold B with a trivializing good cover V .
Remark B.2 (Trivializions over good covers).
Note that any good cover V is a trivializing cover, since all open sets in V are contractible. Proof.
Consider a disjoint union
, and define
The projection pr 1 : S → B is a principal circle bundle.
2. Suppose Φ : S → S is a bundle isomorphism, and let s i : V i → S be trivializations over V i ∈ V with transition functions α ij . Define trivializations on S by Characteristic classes under refining maps of good covers. We show that the cohomology class [α] ∈ H 1 (V , T ) is independent of the choice of the good cover.
It is easy to see that
Every two good covers V and W have common good refinement U [11, 44] . For V and U , choose a refining map k : J → I so that U j ⊂ V k(j) for all j ∈ J. We will show that this map induces an isomorphism on the cohomology of good covers with coefficients in T , independent on the choice of k, and the image of [α] under this map corresponds to the same principal circle bundle. Taking direct limit of cohomology over all good covers of B (see Appendix C.3) we obtain a complete invariant of principal circle bundles which does not depend on the good cover.
To see that recall [11, 44] that the refining map k defines a homomorphism
on the cochain complexes by the formula
where ρ
is the restriction map in the sheaf T . For each q 1 the map k * commutes with the coboundary homomorphisms δ on the covers V and U . The homomorphism k * induces a homomorphism on cohomology
which is independent of the choice of the refining map k [44] . Both V and U are good covers, hence the elements of their first cohomology with coefficients in T are in one-to-one correspondence with isomorphism classes of principal circle bundles by Theorem B.1. Let z i : V i → S α be local trivializations corresponding to the cocycle α. For each j ∈ J, the corresponding trivialization is obtained as the restriction z k(j) |U j , and the corresponding cocycle is k * α. Hence α and k * α correspond to the same principal circle bundle. It follows that [α] and κ[α] also correspond to the same principal circle bundle, and the map (B.5) is an isomorphism. Taking the direct limit of cohomology groups with coefficients in T over all good covers of B, one obtains the cohomology H q (B, T ) of the smooth manifold B (see Appendix C.3), and the isomorphism
under this isomorphism is a complete invariant of principal circle bundles which does not depend on the choice of the good cover. Remark B.4 (Chern class of principal circle bundles). By Example C.7 in Appendix C.3 for each good cover V of B there is an isomorphism
where Z is the sheaf of locally constant Z-valued functions on B. We define 6) and also call ν the Chern class of the bundle S. An analogue of Theorem B.1 holds for the Chern class ν, i.e. ν is a complete invariant of principal circle bundles.
APPENDIX C. SHEAVES AND SHEAF COHOMOLOGY
This section contains a brief introduction to sheaf theory [11, 44, 45] . In particular, sheaf cohomology of an open cover and fine sheaves are introduced; the de Rham theorem is proven as a first application of sheaf theory.
C.1. Sheaves and Sheaf Cohomology of an Open Cover
We give the definition and examples of sheaves. (i 0 , . . . , i , i +1 , . . . , i q ) = −f (i 0 , . . . , i +1 , i , . . . , i q ) .
S(∅)
The set of all q-cochains, denoted by C q (V , S), forms a group. A coboundary homomorphism
where the "hat" over a symbol means that the symbol is to be omitted. A straightforward calculation shows that
In what follows, if there is no danger of confusion, we omit the superscript and write δ for δ q . The collection {C q (V , −), δ} is called the cochain complex. An element of ker δ q is called a q-cocycle. The set of q-cocycles form a subgroup of C q (V , S), and the group 
2) holds, and f determines a global section of S. Thus for any open cover V there is an isomorphism
and H 0 (V , S) does not depend on a cover of B.
We define the 0-th cohomology of B with coefficients in S by 
S(V )
Given a sheaf homomorphism h : S → S , for each V ⊂ B the set
Remark C.1 (Kernel of h as sheaf on B). Given a sheaf homomorphism h : S → S , the assignment
is a sheaf over B [45] . 
is surjective.
C.2. Fine Sheaves
We define a fine sheaf F on a smooth manifold B, and prove that for any locally finite open cover V of B and any integer q 1 the cohomology group H q (V , F) = 0.
Recall [11, 35, 44 ] that a topological space B is paracompact if it is Hausdorff and every open cover of B has a locally finite refinement. Every finite dimensional smooth manifold B is paracompact, and every locally finite open cover V = {V i } i∈I of a smooth manifold B has a subordinate smooth partition of unity [35, 44] , that is, there exists a family {ψ i } i∈I of non-negative smooth functions on B such that 1. for each i ∈ I the support of ψ i is contained in V i , 2. each b ∈ B has a neighborhood which meets only a finite number of supports of ψ i , 3. for each b ∈ B we have i∈I ψ i (b) = 1.
All fine sheaves we will encounter are sheaves of smooth sections of vectors bundles, so we restrict to vector bundles in the following definition of a fine sheaf. Proof. For each q 1 we define a homotopy operator
as follows. Let {ψ i } i∈I be a smooth partition of unity subordinate to V and define 
C.3. Real and Integer Cohomology of a Smooth Manifold
As a first application of sheaf theory we state the de Rham theorem which computes cohomology of a smooth manifold with coefficients in the sheaf R of locally constant R-valued functions. We quote a similar result [11] for the cohomology with coefficients in the sheaf of locally constant Zvalued functions, and the Leray theorem [46] which allows to compute cohomology with coefficients in certain sheaves.
Before proceeding we introduce a good cover of a smooth manifold B.
Definition C.4 (Good cover).
A good cover is a locally finite open cover V of B such that all finite intersections of elements in V are contractible.
Lemma C.3 (Existence of a good cover). [38]
Any cover V of a manifold B has a good refinement.
Proof. Let ρ be a complete Riemannian metric on B, i.e. every Cauchy sequence converges.
Recall [38] that every point b ∈ B has arbitrarily small geodesically convex neighborhoods V , i.e. any two points in V can be joined by a unique geodesic in V . The intersection of any geodesically convex neighborhoods is again geodesically convex. Any open cover V has a refinement U by geodesically convex neighborhoods. We show that such a refinement can be chosen to be also locally finite. Choose b 0 ∈ B and define
so K j is compact and K j−1 ⊂ int K j . Denote by C(K j ) the complement of K j in B. Then for each j there exists a number r(j) > 0 such that
Consider the following sequence of compact sets
Cover each K i+1 − K i by geodesically convex neighborhoods of radius ε i r(i) and ε i so small that each neighborhood is contained in V i for some i ∈ I. Since each K i+1 − K i is compact, it is covered by a finite number of such neighborhoods. This shows that the refinement U can be chosen locally finite.
Since every open cover of a manifold has a good refinement, we may assume all covers in our consideration to be good. Proof. Let V be a good cover of B, then the Poincaré lemma holds on any finite intersection of open sets in V , so the following sequence of sheaves is exact 
and gives rise to the long exact sequence of cohomology groups [11, 13] ,
where ı * , d * , δ * are homomorphisms on cohomology induced by the inclusion, exterior differentiation and coboundary homomorphisms respectively. Since Λ q is a fine sheaf, by lemma C.2 its cohomology vanishes for k 1 and (C.7) falls apart into
and, for k 1,
In (C.8) set q = 0 and recall (section C.1 Lemma C.1) that H 0 (V , −) does not depend on the cover and is isomorphic to the set of global sections Γ(B, −). Then 
and by the exactness of (C.8) we have
Applying again Lemma C.1 for zero-dimensional cohomology we write It follows from Theorem C.1 that H q (V , R) is independent of the good cover V .
Remark C.3 (Singular cohomology with real coefficients).
Notice [11] that the de Rham cohomology of a manifold B is isomorphic to the singular cohomology of B with real coefficients, i.e. The Leray theorem. In Theorem C.1 we expressed the cohomology H q (V , R) of the good cover V of B with coefficient in the sheaf R of locally constant R-valued functions in terms of the de Rham cohomology, which is independent of the choice of the good cover V . However, such a representation is not readily available for an arbitrary sheaf S, and now we give a general definition of a sheaf cohomology of a smooth manifold B.
Let S be a sheaf on B, and let V be an open cover of B. Recall [11] that an open cover U of B is called a refinement of V if each U i ∈ U is contained in some V j ∈ V . Choose a refining map k : J → I so that U j ⊂ V k(j) for all j ∈ J. The refining map k induces a homomorphism
on the cochain complexes, which commutes with the coboundary operators δ on V and U and induces a homomorphism
independent of the choice of the refining map k : J → I [11, 44] . Given open covers V and W of B, we say that elements 
Remark C.4 (Restriction to good covers in the limit of cohomology groups).
Notice that any open cover V of a manifold B has a good refinement [11] , so in (C.11) one can restrict to only good covers of B.
For q 1 there is a natural homomorphism κ : H q (V , S) → H q (B, S), q 1, (C.12)
given by
where U runs through all refinements of V . We are interested in cases when (C.12) is an isomorphism. Then the cohomology H q (V , S) is independent of the cover, that is, (C.12) is an isomorphism.
Theorem C.2 (Leray theorem). [46] Let
Example C.5 (Cohomology with coefficients in Z ).
A result similar to the de Rham theorem can be obtained for the cohomology of a manifold B (in fact, B being a triangularizable space is sufficient) with integer coefficients [11] , i.e. one can show that, if V is good, for q 1 the cohomology H q (V , Z ) with coefficients in the sheaf Z of locally constant Z-valued functions is isomorphic to the singular cohomology H q (B, Z) and hence independent of the good cover V . To see that notice that the Z -cohomology of a contractible open set U is isomorphic to the singular
